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(2) Attempt all questions.

(3) Follow usual conventions and notations.

(4) Figure to the right indicates marks.

1 (@ Prove that the interval (a,-) is measurable.

(b) Define outer measure, Prove that outer measure is 4
translation invariant.
(© Prove that ' (4)=0 then » (4UB)=m (B)- 4
OR

1 (@) Define length of an interval. Prove that outer measure 6
of an interval is its length.

(b) If {4,,4,,.45,. ..} is a countable family of subset of 4

R, then prove that m*(U;llAn)SZ:ZIm*(An).

(©0 Prove that outher measure of the set of all rational 4

numbers 1s zero.

2 (a) Define ¢-algebra. Prove that the collection of all 6
measurable sets is a ¢ -algebra.
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Define constant function. Prove that the constant 4
function define over a measurable function is
measurable.

Let < fn> be an increasing sequence of non-negative 4

measurable functions and let < fn> converges to f

almost everywhere. If then prove that

[pr=tim ], 1,.
OR

If p and q are nonnegative extended real numbers 6

1 1
such that ;"‘gzl and fe7” and ge/? then

prove that fres! and [I/&I< 71,2l .

Let f be a non-negative function, integrable over a 4
set E. Then prove that, given >0 there is a §>0,
such that for every set 4 with m(4)<§, we

have _[A S <e.

Let f €17 [a,b],g € ¥ [a,b] then prove that f+ge”[a,b]. 4

Define simple function. Let f be defined and bounded 6
on a measurable set E with m(F)<e. If f is

measurable then prove that
inf fgij(x)dxzinfq)g r Jq)(x)dx for all simple functions

v and ¢.
State and prove monotone convergence theorem for 4
non-negative measurable functions.

.

If fer' and g™ then prove that J|fg|£||f||1||g||m.

OR
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3 (@ Define Lebesgue integral of bounded function. If 6
f and g are bounded measurable functions on set E of

finite measure and f < g almost everywhere then prove

that JEfSJEg. Henceprove that |JEf|=JE|f|

(b) Prove that sum and difference of two absolutely 4
continuous function is also absolutely continuous.

(© If f is measurable function and f=g almost everywhere 4
then prove that g is also measurable function.

4 (a) Prove that a function f is of bounded variation on 6

[a,b] if and only if f is difference of two Monotonically

increasing real valued function defined on [a,5].
b)) If ce(ab), if fer([a,c]) and fer([c,b]) then 4

prove that feBv([a,b]) and 7 (/)=TS(f)+T (/)

(©0 Define convex function. Prove that convex function 4

is absolutely continuous function.

OR

4 (a) If fis bounded and measurable on [a,b] and 6
F (x):JZ f()dt then prove that F'(x): f(x) for almost
all x in [a,b].

() Prove that if A< f(x)<B then, Am(E)<[, f<Bm(E) 4

for bounded measurable functions define on a set E of
finite measure. Where A and B are constants.

(¢ Define measure space (X,B). If £, ef,uf; < and 4
i=1 n—e0

E; > E;, then prove that lv{ﬂ EI-J: lim pE
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5 (a) Let v be a signed measure on a measurable space 6
(X,B). Then prove that there is a positive set A and

a negative set B such that Y=4UB and AnB=¢.
(b) Let f be a non-negative measurable function then 4
show that J r J =0 implise that f =0 almost everywhere.

(©0 Prove that the union of a countable collection of a 4
positive set with respect to signed measure is again
positive with respect to signed measure.

OR

5 (@) Prove that for an arbitrary Hahn decomposition 6
{A, B} of (x,B,9), if we define two set functions

vi(E)=0EnA4) and v (E)=—HEnB) for E£ep, then

{VJF;V_} is Jordan decomposition for (X,B, ).

() If A and B are disjoint measurable subset of [a,b] 4
and if f is bounded Lebesgue-integrable function on [a,b]

then |4up/=] /+] 7.

() Define measurable rectangle. Let {(A,-xB,- )} be a 4

countable disjoint collection of measurable rectangles
whose union is a measurable rectangle AxXB then

MAXB)=> M4, xB,).
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